We show that the area-angular momentum-charge inequality (A/(4π)) 2 ≥ (2J) 2 + (Q 2 E + Q 2 M ) 2 holds for apparent horizons of electrically and magnetically charged rotating black holes in generic dynamical and nonvacuum spacetimes. More specifically, this quasi-local inequality applies to axially symmetric closed outermost stably marginally (outer) trapped surfaces, embedded in non-necessarily axisymmetric black hole spacetimes with non-negative cosmological constant and matter content satisfying the dominant energy condition.
2 also holding in the stationary vacuum case. This inequality (for Q M = 0) has been proved to hold for stationary axisymmetric spacetimes with matter in [3] [4] [5] [6] , although requiring electrovacuum in a neighborhood of the horizon. Regarding the dynamical case [7] [8] [9] [10] , a proof has been presented for the nonvacuum uncharged case [11] and the area-charge inequality [12] (in absence of any symmetries). Here we extend the full area-angular momentum-charge inequality, in particular incorporating the magnetic charge, to generic non-axisymmetric dynamical non-vacuum black hole spacetimes (axial symmetry only required on the horizon). This completes the discussion of this inequality in the Einstein-Maxwell context.
The result. The area-angular momentum-charge inequality applies to horizon sections satisfying a stability condition. Following the approach in [11] , we consider a closed marginally outer trapped surface S satisfying a (spacetime) stably outermost condition in the sense of [13, 14] (see Definition 1 below for details). Then the following result holds: 
where A is the area of S and J, Q E and Q M are, respectively, the total (gravitational and electromagnetic) angular momentum, the electric and the magnetic charges associated with S.
This quasi-local result holds in fully dynamical spacetimes without bulk symmetries and with arbitrary (non-exotic) matter possibly crossing the horizon. In particular, it extends to generic scenarios the inequality proved in [5, 6] for Killing horizons in stationary axisymmetric spacetimes, with electrovacuum around the black hole (matter can surround but not cross the horizon). Axisymmetry is required only on S, so that a canonical notion of angular momentum J can be employed. The stably outermost and dominant energy conditions imply, for some non-vanishing J, Q E or Q M and in our fourdimensional spacetime context, the spherical topology of the surface S. For Killing horizons [3, 5, 6 ] a rigidity result holds, namely equality in (1) implies the degeneracy of the Killing horizon (vanishing of the surface gravity), providing a characterization of extremality. In the present dynamical setting, with no spacetime stationary Killing field, rigidity statements involve rather the characterization of the induced metric on S as an extremal throat (i.e. with the geometry of a horizon section in the extremal Kerr-Newman family) and as a section of an instantaneous (non-expanding) isolated horizon [15] . We postpone the discussion of the rigidity part of the result to [16] , where full details of the proof of inequality (1) [required to make the rigidity statement precise] are presented.
Main geometric elements. The proof of (1) proceeds by, first, casting the stably outermost condition for marginally outer trapped surfaces as a geometric inequality leading to an action functional M on S and, second, by solving the associated variational problem. Following [11] , we start by introducing the general geometric elements and by formulating the geometric inequality following from the stability of S.
Let (M, g ab ) be a 4-dimensional spacetime with LeviCivita connection ∇ a , satisfying the dominant energy condi-tion and with non-negative cosmological constant Λ ≥ 0. Let us consider an electromagnetic field with strength field (Faraday) tensor F ab , so that F ab = ∇ a A b − ∇ b A a on a local chart (corresponding to a given section of the U (1)-fibre-bundle, possibly non-trivial to account for magnetic monopoles).
Let us consider a closed orientable 2-surface S embedded in (M, g ab ). Regarding its intrinsic geometry, let us denote the induced metric as q ab with connection D a , Ricci scalar as 2 R, volume element ǫ ab and area measure dS. Regarding its extrinsic geometry, we first consider normal (respectively, outgoing and ingoing) null vectors ℓ a and k a normalized as ℓ a k a = −1. This fixes ℓ a and k a up to (boost) rescaling factor. The extrinsic curvature elements needed in our analysis are the expansion θ (ℓ) , the shear σ 
We require the geometry of S to be axisymmetric with axial Killing vector η a on S. That is, L η q ab = 0 and η a has closed integral curves, vanishes exactly at two points on S and is normalized so that its integral curves have an affine length of
b ξ a ). We introduce now the expressions for J, Q E and Q M . First, the electric and magnetic field components normal to S are
where * F ab is the Hodge dual of F ab . The above-required axisymmetry allows the introduction of the following canonical notion of angular momentum on S [2, 17-19]
where J K and J EM correspond, respectively, to (Komar) gravitational and electromagnetic contributions to the total J. Electric and magnetic charges can be expressed as (e.g. [20, 21] )
We characterize now S as a stable section of a (quasi-local) black hole horizon. First, we require S to be a marginally outer trapped surface, that is θ (ℓ) = 0. Second, we demand S to be stably outermost as introduced in [13, 14] (see also [22, 23] ). More specifically we require S to be (axisymmetrycompatible) spacetime stably outermost [11, 12] 
a are axisymmetric, we will refer to δ X θ (ℓ) ≥ 0 as an (axisymmetrycompatible) spacetime stably outermost condition.
Here, the operator δ X is the variation operator on the surface S along the vector X a discussed in [13, 14] (see also [24, 25] 
The proof is a direct application of Lemma 1 in [11] . Given the vector X a = γℓ a − ψk a , for all α on S it holds [11]
with β = αγ/ψ. First, since αβ ≥ 0, the positive-definite quadratic term in the shear can be neglected. Second, we insert Einstein equation 
inequality (6) follows by identifying E ⊥ and B ⊥ in (3). As a final remark, note that taking α = const in (6), a nonvanishing angular momentum or charge suffices to conclude the sphericity of S by applying the Gauss-Bonnet theorem.
The action functional and sketch of the proof. The proof of inequality (1) proceeds by solving a constrained variational problem on S, in which J, Q E and Q M must be kept constant under otherwise arbitrary variations. We construct the corresponding action functional M, by evaluating the geometric expression (6) in a specific coordinate system on S.
First, on an axisymmetric sphere S, a coordinate system can always be chosen such that
with axisymmetric σ and q satisfying σ + q = c = constant. Then η a = (∂ ϕ ) a , η = e σ sin 2 θ and dS = e c dS 0 , with dS 0 = sinθdθdϕ. In particular, A = 4πe c . Second, Ω
a expresses uniquely on a 2-sphere as Ω
, and we can write
by introducing the potentialω, as dω/dθ = (2η)dω/dθ, that satisfies [12] and the axisymmetry of A a
Finally, following [10, 11] we choose α = e c−σ/2 . Inserting it together with (9), (10), (11) into inequality (6), we get
where
Inequality (1) follows by solving the variational problem defined by M[σ,ω, E ⊥ , A ϕ ]. In its form (13) , enforcing the constraints on J, Q E and Q M is not straightforward. This is addressed by introducing new potentials ω, χ and ψ on S
with the crucial property that J, Q E and Q M are written as
Physical parameters in inequality (1) can then be kept constant by fixing ω, χ and ψ on the axis as a boundary condition in the variational problem (note thatω in (10) is an appropriate potential to control the Komar J K , but not for the total J). In terms of σ, ω, χ and ψ the action functional reads
where M is formally promoted beyond axisymmetry. The proof of (1) proceeds in two steps (see details in [16] ). First
follows directly from (12) and A = 4πe c = 4πe σ(0) . Second, by solving the variational problem defined by the action functional (16) with values of ω, ψ, χ fixed on the axis and determined from relations (15) , it is shown
where M 0 corresponds to the evaluation of M on an extremal solution in the (magnetic) Kerr-Newman family with given J, Q E and Q M . Inequality (1) follows from the combination of inequalities (17) and (18) . Full intermediate details of the proof, in particular addressing the resolution of the variational problem along the lines in [8] will be presented in [16] .
Explicit proof of the vanishing magnetic charge case. Complementary to the discussion above of the elements in the proof of the full inequality (1), we present a straightforward explicit proof of the case Q M = 0 by matching the reasoning in [5] . The result in [5] states that a subextremal stationary black hole, in the sense that trapped surfaces exist in the interior vicinity of the event horizon [28] , satisfies the strict inequality (1). Namely,
A . This implication (actually, its logical counter-reciprocal) is cast in [5] as a variational problem on a Killing horizon section. The action functional in [5] is constructed by combining the horizon subextremal condition in (19) with the condition p 2 J + p 2 Q < 1. The key remark here is to show that such variational problem, defined solely on a sphere S, has full applicability in the generic dynamical case beyond the original stationary and spacetime axisymmetric setting of [5] . More specifically, we show that our expressions for p J , p Q and the stably outermost condition (12) , valid in the generic dynamical non-vacuum case, match exactly the expressions in [5] for the elements in (19) . Therefore, the proof in [5] extends exactly to the generic case.
From the comparison between the 4-dimensional stationary axisymmetric line element in [5] with our line element (9) on S and between the respective integrands of the Komar angular momentum, we introduce new fields U and V from σ andω 
Regarding the electromagnetic potentials, we define S and T S = −E ⊥ e c/2 , T = A ϕ e −c/2 .
Inserting these fields in (4) and (5) above, using A = 4πe c and changing to variable x = cos θ we get
ST dx
that coincide exactly with expressions in Eqs. (23) and (24) in [5] . Regarding the stability (subextremal) condition, we insert (20) and (21) in condition (12) [with strict inequality]. Using 1 −1 U dx = − 1 −1 U ′ xdx (following from U (1) = U (−1) = 0, as a regularity condition for q on the axis) and denoting with a prime the derivative with respect to x, we find
